Classical Mechanics

Basics
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Dynamical Systems
N =1 systems:
au — f(u)
f(u) >0 4 >0 — move to the right
u = f(u) = f(u) <0 4 <0 — move to the left
f(u) =0 u=0— fized point

N = 2 systems:

TeRe
T\ y )T\ Vaulzy
fixed points: V,(z™,y™)
v-(5 &)

Dz y

Vy(z™,y") =0 (=0 y=0)

det(A\l = M) =X2 —TA+D

A = eigenvalue T = trace D =determinanat
both+ : unstablenode
both— : stablenode
cigenvalues: one + one— : saddle
: complex : spiral
stableifR < 0
unstableifR > 0
Bifurcations:
saddle node: % =r+ u?
transcritical: % = ru — u?

supercritical pitchfork: % =ru—u®

subcritical pitchfork: du — + u’

dt
imperfect: % =h+ru—u
Diagrams

Phase Portraits:

1. Plot y vs. x and identify fixed points eq. x=0 y=0 simulate-
nously

2. Find nullclines eq. curves where either x=0 or y=0

3. Vectors on phase diagrams are (%, y)

Bifurcation Diagrams:

1. plot u vs. r and draw fixed point equations (line-stable, dot-
ted line-unstable)

2. draw flows from test points, u vs. u graph, ex. if u;0, u
increases, arrow up

Linear Oscillations

&4+ 28% +wl =0

underdamped: wg > g3

overdamped: wg <p

critically damped: wg =0

&+ 2B% + wg = F(t)

use Fourier transform on both sides to solve

Nonlinear Oscillators

Multiple time scale analysis:
Relaxation Oscillations:

Lagrangian/Hamiltonian

t . oL oL
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Po = 2 H(q,p,t) =) podo — L
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Noether’s Theorem: To each and every continuous symmetry
of a mechanical system is associated a conserved quantity. Let
G(g, A) be a one-parameter family of transformations of the ¢’s,
parameterized by A, with ¢»(g, A = 0) = ¢, i.e. A = 0 identity
55 _ d (oL 94
A0 L(Qa(b t) = at (8‘10 85)):0 SO
the conserved charge Q = ZG aaTL(, %Lf
Holonomic constraint: G (g,t) =0
d (oL oL _ Nk 0G5 _ ; _
dt (ada) T %45 Zj=1 Xi Bgy = Qo with G =0
Qo generalized force of constraint

transformation so 0 = %’

‘ A=0

Central Forces/Orbital Mechanics

52 .
L=1MR + Lui —U(r)

B mifidmot o

=7 —7T2 M=mi+ ma 12

m1 e = mifma
angular momentum conservation: | = 7 X § — | = pur2¢
. . 2
effective potential: Uess(r) = Q,ILT +U(r)
Ulss(r) =0 — circular orbit
2, . _ ou
Ets=—paF(T) s=1/r F(r) =240
Kepler problem: U(r) = —kr~!
d? _ —1y _ pk _ o
Gz ts=—maFe) =7 =)= ==
2
where ro = ;’Tk =a(l — €®) with a = — &
circle: € = 0, E = —uk? /212, radiusa = 1% /uk
ellipse: 0 < e < 1,E = 7}1,’(?2/212 < E < 0, semimajor axis

a = —k/2E, semiminor axis b = av1 — €2
parabola: e =1, E =0

hyperbola: ¢ > 1, E >0

apoapis: furthest approach, local max

periapis: closest approach, local min

precession: A¢ = ¢ni1 — ¢n — 271 =27(871 = 1)

where 82 = (%)2

escape velocity: vesc(r) = 1/ w

Conservative Forces
mi = —VU(F) = F(F) $dr-F=0

rl’ —
Wap = [T dF- F(7) = U(Fa) = U(R) = Tp — Ta

Accelerated Coordinate Systems
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centrifugal Coriolis



earth: ©F = £ 4 5 25 x 97 — & x (& x 7) where Action-Angle Variables

dat2
7= 7GM67:/T2 and F’ is the sum of all other earthly forces J=1 fpdq p = p(e, H) 6= w— 371} T— 27,, _ %
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Rigid Body Motion Adiabatic Invariance

= Zl mg7; P=Fer) [ = Zl mi7; x ;L= N(= Mechanical Mirror:

I.g = Zi(ﬂz&,g —Ti,ali,g) = derp(F)(F25a5 —rarg) adiabatic invariant: J = 5= fpd =+ [ffij)) m|vy |dy + f vie )m(f\vy|)dy =
- oo .
I,5(b) = I,3(0) ir M(b%6ap — bfbﬂ) where I,3(0) is wrt CM %M\’Uy|y(:r)
Principal Axes: L = Iqpgwg — L = [qwq Magnetic Mirror:
1. Find the diagonal elements of I’ by setting det(A-1—1) = 0. diabatic i . ™ et d al
2. For each eigenvalue Ay, solve the d equations quwﬁ _ )\bwz adiabatic invariant: Tﬁ\ inetic energy conserved also
3. Choose normalization wzwz = 5P .
Euler’s equations: St[‘]ngs
N(ewt) — (4L = (4L SXL=I5+&x (I&
(df)mm«tmz (‘“)body+w W@ x (I9) L= Lu(z) (@)2717(,:) (ﬂ)z
Ilwl — (12 _ Ig)wgw,g + Nezt 2 ot : 2 ox .
Towo = (Is — I Jwawr + NMf p(z): mass density 7(x): tension
a a2

Iy = (I — I)wiws + Nfzt = [T(r afﬂ — (@) g3 =0

: T2 2 . . R | 2
solid sphere: 12_ EMR ' solid cylinder: I = §1MR2 7, constant — r%aa% _ gig -0 c= ﬁ
hoop: I = MR thin rod, axis through one end: I = 3 ML D’Alambert’s Solution: y(z,0) — (15(1) (@, 0) = ¥(z)

thin rod, axis through center: I = & M L? +
" v, t) = 3é(@ + ct) + o — )] + & [ p(s)ds

Reflection/Transmission:

Coupled Oscillations ihx

e'"® = wave to the right (incident, transmitted)
e " wave to the left (refected)

ou _ A, B O R 7
94i |q—gq — 0 @i=aq+mn L=3Tinn; - 3Vignin; where point mass at = 0 on spring with friction on mass in vertical
T — 92T V., — 02U direction:
i T 9q;04; - T 39q;9aq; - y(x,t) continuous at boundary
uenci o mj(0,t) +ymy(0,t) = 7y' (07, ¢) — 73/ (07, t) — 2ky(0, 1)

1. find eigenfrequencies from det(w?T — V) =0
2. find eigenvectors from (w2T;; — Vig)ps =0

3. normalize by $¢Ti;j 9% = dag Membranes

Poisson Brackets Fluid Mechanics

{A,B} = Z”_l (%&% — %5370 mass cu.rrent: j= pﬁﬂ, fez.t = pgj = *APVX
{f,9} = {0/} {F +Xg,h} = {£,h} + 2 {g, h} continuity: Orp ¥ 7 =0 | Srosmetion pointt 720
E{Lg:{f}—j{gvh}+g{f h} {f1 {g,h}}“r{g,{h,f}}“r Euler’s equation: EJ,»('D‘V)ﬁ:fprJr ext

if {A,H} =0 and 3“"70 then%fO i.e. A is a constant of

the motion . . ideal fluids,inviscid,incompressible

if {A,H} = 0 and {B,H} = 0, then {{A,B},H} = 0 and if incompressible: V- v =0

A and B have no explicit time dependence, then {A, B} is a steady or Sl‘iw flow: ot~ 0

constant of the motion B.C. ¥-n =V -7n where V is the velocity of the body

{ga, a3} =0 {pa,ps} =0 {qa,ps} = dap vorticity: & =V X ¥

circulation: I'(c) = fo dl

Bernouilli’s eq: %vz +

Sk <

+ x = const along streamlines

Canonical Transformations

9o :qU(le*'*:Qn;P17'*'7P7lat)
Po =Po(Q1,-- -, Qn; P1,..., Pn,t) )
to be canonical we want Q, = gTH P, 685{7; also Poisson

brackets preserved, i.e. {Qq,Pg} = Eaﬁ
H(Q,P,t) = H(q,p,t) + & with

5’;;—% an:*Pa %:0 E?Ta:()
Fi(q,Q,1) i Po = +% , P = 8%:1 (typel)
Fla,0.1) = Fy(q, P,t) — P-Qo i Do = +§—f y Qo = +3§ (typell)
F3(p, Q,t) + Podo i 4o = —gpe . Po=—gg> (typelll)
Fy(p, Pit) + podo — PoQo 5 Go = —% y Qo= +§Pj (typelV)

Hamilton-J acobi Theory Potential Flow

OF _ _ T=V B=VxVep=0 V-7=0
H(QPt)—O—> H@g s 9D ¢7@707w ¢ — 9% _ 9y
25 =p, 25 = —H s =L Ve = Bz = By Vy = 3y — z
q” Q FA. — P 1 = stream function, constant along streamlines
r, =25 —§ tQ ifA. =P, W = ¢ + it oW — 4, — v, =D

o —Ps ifAs =Qo 9z -

¢ = 0 on boundaries BC.7-n=V-n

Hamilton-Jacobi eq.: H (ql, ce ey Qn, %, RPN %,t) + % =

Qo (t) = const P, (t) = const

Time-Independent H: .
Conformal Mappin

(@, A1) = W(g,A) = Axt — H (a1, an, 32, %) = pping

A Z = f(z) analytic with inverse z = F(Z), then w(F(Z)) =
W(Z) 1s analytlc if w(z) is

dz = dz dZ V= @j} so in order to have same flow at oo,



g—g —las Z — oo

half plane to wedge: Z = f(z) = 2%/™ z=F(Z)=2"/%
_ ) 2

Blassius’s Theorem: F'= F, —iFy = 5p fc (d—f) dz

C=contour around body

r= 1w {pjgc (42) zdz}

inversions: _
plane &z =0 g(2) = f(2) +f(g)
circle |z| = R g(z):f(z)Jrf(R?)

Viscous Flow

gy (7-V)7 =-ivp+ pvig 4lemt
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inertialterm viscousterm

kinematic viscosity: v =n/p

. intertialt UL
Reynold’s number: R ~ |#LEEeiieim |~ 2L
U=char. fluid speed L=char. length of body

R < 1: viscosity dominates R > 1: inertia dominates



