Electricity and Magnetism

Special Relativity

53 = 5,3 = (ta — t1)® — (22— 21)® — (2 — y1)? — (32 — 21)°
ds® = 2dt? — da® — dy® — d2?

timelike: s%z > 0 events cannot be simulataneoues in any frame
spacelike: si, < 0 events cannot occur at same point in any
frame
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Relativistic Mechanics
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Electrodynamics
=*m82\/qu¢+gﬁ.g
1 i L dal

AI:(¢7A) jlzzaeaé(r—m) Tt *(pc”])
F=2% =ymi+ 24
E=~ymc®+qp = H= /(5 — 2A4)2¢2 + m2ct + q¢

~——

El
dcﬁl =f d=ev-E a—%:OHenergy conserved

. 0A;
Gauage Invariance: A = A; — 5ot
Adiabatic Invariant for B = 2B t): p= 2?5l Q. = :floc
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Electromagnetic Field Tensor
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Transformation of Fields
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Maxwell’s Equations
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Energy-Momentum Stress Tensor
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Conservations
energy:
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mechanincal energy density: J-E
L 524 B2
EM energy density in V: =—g—

rate of flow of energy out of V: fA S.dA
momentum

ExB
5 (Pt [, ExPav) =
field momentum density in V: b;frf
force across surface A: j;A T.dA

deA

field angular momentum density: 7 x (iif)

Multipoles

electric dipole:

Py p/r =23 ~p~5_,,25 Byp: = % (2cos 07 + sin 60)
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magnetic dipole:
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= ifdvff x J(7) = NLAj for current loop
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Electrostatics
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vector to field point: 7 vector to source point: 7’
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in matter: Wg = f ED gy — fpf¢dv

Conductors

a. E =0 inside

b. p = 0 inside

c. any net charge resides on surface

d. surface is equipotential

e. E L to surface

Magnetostatics
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Induction/Circuits
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series: th = (%1 + c% +... parallel: Ceq =C1+Ca + ...
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series: Req = Ry + Ra 4 ... parallel: R—equ—l-&-R—Z—i-...

Kirchhoff’s rules:

1. The sum of the currents entering any junction in a circuit
must equal the sum of the currents leaving that junction.
2.The sum of the potential differences across all elements around
any closed circuit loop must be zero.

Specific Useful Forms

infinite wire E %f“ B = %4}
solenoid: B = Enlz
toroidal solenoid: B 2NI g

Images

an image is never in the region where it contributes to the po-
tential, it is essentially a new problem where the conductor or
dielectric is removed

sphere with total charge @ or potential V #0:

_ gR/a Q+qR/a
¢—|;EE‘*@+7+ r> R
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Separation of Variables

V3¢ =0 V3¢ = —4np

E,B — 0 at c© E, B finite at origin
jan: 228 4 0%¢ 4 0%¢ _ - X(: .

cartesian: Z—5 + 53 + 55 =0 = ¢ =X(x)Y(y)Z(z)

likely to get sin, cos, sinh, cosh

. . 4 2 2
cylindrical: %% (7‘%) + 7%2729;’ + gzgs =0
z =rcosf y=rsind z=2z

2D case: ¢(r,0) = ag+bolnr/rg+ Zzl(alrl +bi/r") cos 10 +
Zzl (arr! + by /r')sin il

grounded conducting cylinder in uniform E-field:
¢ ~ Acos(8) + £ cos(6)

3D case: ©(6) ~ cos(l6),sin(16)
R(r) ~ Ji(kr), Ni{kr)

Z(z) ~ sinh(kz), cosh(kz)

spherical:

1o (208 . p0d 1 9%e _

F5 (P50) + kg (5in05%) + g 5,8 =0
y = rsinf cos ¢

z = rsinfcos ¢
2D case: ¢(r,0) = Zoo (Alrl + Bl/rH'l) Py(cos 0)

Bi() = o (&) @ -

fow Py(cos §) Py (cos f) sinfdf = 212?6”/
grounded conductlng sphere in uniform E-field:
¢(r,8) ~ Arcosf + B cos 0

3D case: ¢(r,0,¢) = zlm Ry (r)Yim (0, ¢)
P(z) = ﬁ (%)I (2% — 1)

Vim (0, 6) = 4/ 2 Somt P (cos ) et

Electromagnetic Waves
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w set by source (does not change in medium), only k changes in
medium

transverse waves V - I/ =0 (polarlzatlon defined by E)

F-Eo=0 Bo_kxEo |Eo| = |Bo|

Poynting: (5) = 87|E |2k = (W)ck Intensity: I = (S) Energy
Fo|2

Density: (W) = E = (P)c
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Momentum Den51ty: (P) = | er b
Radiation Pressure: P = 1
Reflection/Refraction:

i ! 2
normal incidence: Ry = ::zi_;._g?
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parallel incidence: R = %

l.incident, reflected, transmitted waves all lie in plane of inci-
dence (defined by normal of the boundary cross k)

2.0 = 0r

3.77,1 sin 91 =nrT sin GT

total internal reflection: sin; = —~L

nr
Brewster angle (angle where reflected wave estinguished): tandp
n
nt
2
dispersion: k2 = “re(w)p(w)

n(w) = 5= = /e

Quasistatic Field Near Conductor

skin depth
1. solve zeroth order problem assuming conductor is perfect
2. use vacuum solution as B.C. for skin depth problem
fields go like e~ **?
d= c2
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Waveguides

BBme ™ xE=2BVxB= “EV.E=V B=0
v2+ o] [E,B] =

E:E(m’y)eikz—iwt é:é($,y)6ikl_th
(V2423 — 82 [B(2,0), Bo(mp)] =0 Vi= 23+ 25

BC’s: E_:H =0 BL =

case 1: TM mode B. =0 B.C. E. = 0 on boundary

case 2: TE mode E. = 0 B.C. aaan = 0 on boundary

case 3: TEM mode B; =0 E. = 0 (must have two conductors)
cut-off frequency: 0 < E2w? = w? — V?mez — W > We = YminC
dispersion relation: w(k)

rectangular geometry:

TM: E_(x,y) = Fosin I gin “7¥

TE: B.(z,y) = Bg cos 1% cos 7%

lowest frequency: first non-zero TE mode with k=0

circular geometry:

T™: E. = Zm’n JIm (7”%7‘) (A cos mb + By, sinmb)

h h

Ymn = nt" zero m!" order Bessel function

Resonant Cavities

Radiation
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Must have p (or m) = poe
electric dipole:

(P 4 o .

§Q> = <& |p|®sin® 0 = (P) = <&~ |p
magnetic dipole:
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Larmor forumla: P =



